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Abstract. The generalized trigonometric functions occur as an eigenfunction 
of the Dirichlet problem for the one-dimensional p— Laplacian. The generalized 
hyperbolic functions are defined similarly. Some classical inequalities for trigono- 
metric and hyperbolic functions, such as Mitrinovic-Adamovic inequality, Lazare- 
vic's inequality, Huygens-type inequalities, Wilker-type inequalities, and Cuza- 
Huygens-type inequalities, are generalized to the case of generalized functions. 
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1. Introduction 
It is well known from basic calculus that 

r x 1 

arcsin(x) = J _ /2 dt, < x < 1, 

and 

7T f 1 1 

2 = ^H 1 ) = J {l _ t 2y/2 dt - 

We can define the function sin on [0, 7r/2] as the inverse of arcsin and extend it on 
(—cxi, oo). 

Let 1 < p < oo. We can generalize the above functions as follows: 

P 1 

arcsin„(x) = / rrrdt, < x < 1, 

p\ ) y o (l-tpy/p ~ ~ ' 



and 



71 

= arcsin p (l) = / — ,_ dt. 



[i - tpy/p 

The inverse of arcsin p on [0, vr p /2] is called the generalized sine function and denoted 
by ship. By standard extension procedures as the sine function we get a differentiable 
function on the whole of (— oo, oo) which coincides with sin when p = 2. It is easy to 
see that the function sin p is strictly increasing and concave on [0, tt p /2]. In the same 
way we can define the generalized cosine function, the generalized tangent function, 
and their inverses, and also the corresponding hyperbolic functions. 
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The generalized sine function sin p occurs as an eigenfunction of the Dirichlet 
problem for the one-dimensional p— Laplacian. There are several different definitions 
for these generalized trigonometric and hyperbolic functions |LE[ IL1[ IL2[ ILPlj . 
Recently, these functions have been studied very extensively (see [BV2l iBEl lEGLl 
EH ED E2 EED EE2). In particular, the reader is referred to [LH E2 iLPll ILP2] . 
These generalized functions are similar to the classical functions in various aspects. 
Some of these functions can be expressed in terms of the Gaussian hypergeometric 
series (see (BVU1BV2]). 

In this paper we will generalize some classical inequalities for trigonometric and 
hyperbolic functions, such as Mitrinovic-Adamovic inequality (Theorem l3.6p . Lazare- 
vic's inequality (Theorem I3.8p . Huy 'gens-type inequalities (Theorem 13. 131 and Theo- 
rem [3TT6]), Wilker-type inequality (Corollary 13. 19p . and Cuza- Huy gens-type inequal- 
ities (Theorem 13.221 and Theorem I3.24[) to the case of generalized functions. For 
the classical cases, these inequalities have been extended and sharpened extensively 
(see the very recent survey [AVZJ). 

2. Definitions and formulas 

In this section we define the generalized cosine function, the generalized tangent 
function, and their inverses, and also the corresponding hyperbolic functions. 

The generalized cosine function cos p is defined as 

cosp(x) = — sin p (x). 
It is clear from the definitions that 

cos p (a;) = (1 - sm p (x) p ) l/p , x E [0, tt p /2], 

and 

(2.1) |sin p (a;)| p + |cos p (x)| p = 1, x ER. 

It is easy to see that 

-^-coSp(x) = — coSp(x) 2 ~ p sinp(x) p_1 , x E [0,7r p /2]. 
The generalized tangent function is defined as in the classical case: 

tan-(aO = x ER\ {kix v + ^ : k E Z}. 

cosp(x) 2 



tan p (x) = 1 + |tanp(x)| p , x E (—n p /2,7i p /2). 



It follows from flZU that 
d_ 

dx 

Similarly, the generalized inverse hyperbolic sine function 

\ loark^^ xe [°'°°)' 

arcsmh„(x) = < 

-arcsinhp(— x), x E {— 00, 0) 
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generalizes the classical inverse hyperbolic sine function. The inverse of arcsinh p is 
called the generalized hyperbolic sine function and denoted by sinh p . The generalized 
hyperbolic cosine function is defined as 



coshp(x) = — sinhp(x). 

(jjJL 



The definitions show that 



and 



cosh p (x) p — | sinh p (x)| p = 1, 



— cosh„(x) = coshp(x) 2 p sinh„(x) p 1 } x > 0. 
dx 



The generalized hyperbolic tangent function is defined as 

. . s sinhja;) 
tanh„ (x) = 



p coshp(x)' 
and hence we have 

— tanhp(x) = 1 — | tanh p (x)| p . 

It is clear that all these generalized functions coincide with the classical ones when 
p = 2. 

3. INEQUALITIES 



The l'Hopital Monotone Rule (LMR), Lemma \3.1\ is the key tool in proofs of our 
generalizations. 

3.1. Lemma. [AVV] (l'Hopital Monotone Rule). Let — oo < a < b < oo, and 
let f,g : [a, b] — > K be continuous functions that are different iable on (a,b), with 
f(a) = g(a) = or f(b) = g(b) = 0. Assume that g'{x) ^ for each x G (a,b). If 
f j g' is increasing (decreasing) on (a, b), then so is f/g. 

Some other applications of the l'Hopital Monotone Rule (LMR) in special func- 
tions one is referred to the survey |AVZ]. 

3.2. Lemma. For p > 2, the function f(x) = tan p (x) p ~ 2 — tanh p (x) p_2 is strictly 
increasing in (0,7r p /2). 

Proof. By differentiation, we have 

f(x) = (p - 2)(tan p (a:) p - 3 (l + tan p (x) p ) - tanh p (x) p - 3 (l - tanh p (a;) p )). 

For p > 3, 

f'(x) > (p - 2)(tan p (a;) p - 3 - tanh p (x) p - 3 ) > 0, 
since tan p (x) > tanh p (x). 
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By the identities sm p (x) p + cos p (a;) p = 1 and cosh p (x) p — sinh p (a;) p = 1, 

/ sin p (x)P- 3 _ sinh p (a:)P- 3 

> (p-2) sinh p (x) p - 3 ( ,\ 9 * - ) > 

~ p \C0Sp(z) 2p - 3 cosh p (x) 2p - 3 / 

for p G [2,3) since sin p (x) < sinh p (x). This completes the proof. □ 

3.3. Lemma. For p > I, the function f(x) = cos p (x) cosh p (x) is strictly decreasing 
from (0, VTp/2) onto (0, 1). In particular, for all p G (1, oo) and x G (0, vr p /2) ; 

t ^ 1 
COSp x < — — -. 

cosn„ (x) 



Proof. After simple computations we get 

f\x) = cosp(x) coshp(x)(tanh p (x) p_1 — taa p (x) p ~ 1 ) < 0, 
which implies that / is strictly decreasing, and hence cos p (x) cosh p (x) < 1. □ 

3.4. Theorem. For p G [2, oo) and x G (0,7r p /2) 7 
(3.5) ™M < * 



x sinhp(x) 



Proof. Let fi(x) = sin p (x) sinh p (a;), f2(x) = x 2 and /i(0) = /2(0) = 0. By simple 
computations, we have 

fix) 1 
* = cos p (a;) cosh p (a;) — - sin p (x) sinh p (a;)(tan p (x) p_2 — tanh p (x) p ~ 2 ) 

J 2 \ x ) ^ 



which is strictly decreasing for any p > 2 by Lemma 13.21 and Lemma 13.31 Hence 
the monotonicity of fi(x)/f2(x) follows from the l'Hopital Monotone Rule, and this 
implies 

sin„(x) sinh„(x) ^ 



x 2 



□ 



The next two theorems generalize the Mitrinovic-Adamovic inequality and Lazare- 
vic's inequality (see [M]). For the classical case of Theorem 13.81 also see |LWC| . 

3.6. Theorem. For p G (l,oo) 7 the function 

log(sin p (x)/x) 



log cos p (a;) 

is strictly decreasing from (0,7r p /2) onto (0,1/(1 + p)). In particular, for all p G 
(1, oo) and x G (0, vr p /2) ; 

(3.7) cos p (x) Q < < 1 



x 



with the best constant a = 1/(1 +p). 
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Proof. Write fi(x) = log(sin p (x)/x) and f 2 (x) = logcos p (x). Then /i(0) = /2(0) 
and, by simple computations, 

f[jx) _ tan p (:r) - x _ fujx) 
ft(x) xtan p (x)P 722(2:)' 
with fn(x) = tan p (z) - x, /22(a) = xtan p (x) p , and /n(0) = /22(D) = 0. 

fiM - 1 

f^(x) l+pg(x) 

with 

f \ - x 1 
= 



sin p (a;) cos p (x) p 1 



which is strictly increasing. By the l'Hopital Monotone Rule we see that f(x) is 
strictly decreasing. The limiting values follow from l'Hopital's Rule easily. □ 

3.8. Theorem. For p G (l,oo) ; the function 

log(sinh p (x)/x) 



log coshp(x) 

is strictly increasing from (0, 00) onto (l/(l+p), 1). In particular, for allp G (1, 00) 
and x G (0, 00), 

(3.9) cosher < Smhp(a:) < cosh^x)^ 

wif/i £/ie 6es£ constants a — 1/(1+ p) and (3 = 1. 

Proof. Write fi(x) = log(sinh p (x)/x) and /2(a) = logcosh p (x). Then /i(0) = 
^2(0) = and, by simple computations, 

f[(x) _ x - tanh p (:r) _ fujx) 
ft(x) a;tanh p (a;)P /22(a)' 

with fu(x) = x — tanhp(x), /22(a) = a;tanh p (x) p , and /n(0) = /22(D) = 0. 
with 

i \ - x 1 
#(a) = 



sinh p (a;) cosh p (:r) p 1 

which is strictly decreasing. By the l'Hopital Monotone Rule we see that f(x) is 
strictly increasing. The limiting values follow from l'Hopital's Rule easily. □ 

3.10. Corollary. For all p G [2, 00) and x G (0, ir p /2), 

t x V +P ^ 1 ^ tanh p (a;) ^ sin p (:r) ^ x 



sinhp(x) / coshp(x) x x sinhp(a;) 
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Proof. The first inequality of (13.111) follows by the left side of (I3.9p . The second 
inequality follows by sinh p (x)/x > 1, while the third by sin p (a;) > tanh p (x). The 
last inequality is the inequality (13.51) □ 

3.12. Conjecture. For p G [2,oo), the function 

= \og(x/ sm p (x)) 
log(sinh p (x)/x) 

is strictly increasing in (0, 7T p /2). 

Next two theorems show the Huygens-type inequalities for the generalized trigono- 
metric and hyperbolic functions. 

3.13. Theorem. Let p > 1. Then the following inequalities hold 
(3.14) ( p+ i)^M + ^^ >p + 2 far x G (0,tt p /2), 

X COSp(x) 

and 

s sinh„(x) 1 

3.15 P + 1 ^ + — — ->p + 2 for x>0. 

x coshp(x) 

Proof. The well-known weighted arithmetic-geometric inequality states that 

ta + (1 - t)b > aV - *, 

for a, b > 0, a ^ b, and < t < 1. Putting £ = (p+ l)/(p + 2), a = sin p (a;)/x, and 
6=1/ cosp(x), and combining the left side of 03 .7p . we have 

sin fx) 1 fsin (x)\ (p+1)/ip+2) / 1 \ 1/(p+2) 

x coSp(x) \ x ) \cos p (a;j / 

Similarly, the inequality (I3.15P follows from the left side of (13. 9p . □ 

3.16. Theorem. For p > 1, the following inequalities hold 

psinJx) tan D (x) n v 

3.17 - — ^ + ^>l+p, 0<x<^-, 

xx 2 

and 

(3.18) psinh p (x) + tanh p (x) >i+ ^ ^ > Q 

x x 

Proof. Let f(x) = psin p (x) + tan p (x) — (1 + p)x. After some elementary computa- 
tions, we get 

f'(x) = pcos p (x) + tan p (x) p — p 

and 

f"(x) = ptan p (x) p_1 (l — cosp(x) + tan p (x) p ) > 0, 

which implies that f'(x) > and / is strictly increasing. Hence we have f(x) > 0, 
and the inequality (13.171) follows. 
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Similarly, put g(x) = psinh p (a;) + tanh p (x) — (1 + p)x. We have 

g'(x) = pcoshp(x) — tanh p (x) p — p 

and 

g"(x) = ptanhp^^^tanhp^) 7 ' + coslip(s) — 1) > 0, 
from which we get g'(x) > 0, implying g(x) > 0. This finishes the proof. □ 

3.19. Corollary. For p > 1 and x > 0, 

( sinh p (a;)\ p tanh p (a;) 



(3.20) VK ' + py ' > 2. 

\ x J x 

Proof. The well-known Bernoulli inequality states that, for a > 1 and t > 0, 

(3.21) (l + t) a >l + at. 

Setting t = sinh p (x)/a; — 1 and a = p in f)3.2ip . and then combining the inequality 
f)3.18p . we have 

( sinhp(g) V ^ i \ p f sinh p( x ) A > 2 tanh p(» 

\ X / \ X J X 

which implies (I3.20p . □ 

The inequality (13.201) is the so-called Wilker's inequality. The following Theorem 
13. 221 and 13. 241 present the famous Cusa-Huygens-type inequalities for the generalized 
trigonometric and hyperbolic functions, respectively. 

3.22. Theorem. For p 6 (1,2], the following inequalities 

sm p (x) cosp(x) +p < cos p (x) + 2 
1 ' ' x ' 1+p ~ 3 

hold for all x e (0, 7r p /2]. 

Proof. Let /(a;) = xcos p (a;) + p£ — (1 +p) sin p (x). By differentiation, we have 
/'(x) = — cos p (x)(xta.ia p (x) p ~ 1 + p) +p = —g(x) + p, 

and 

</(#) = cosp(x) tan p (a;) p ^ 2 ((p — l)(x — tan p (x)) + (p — 2)s tan p (:r) p ) < 0, 

which implies c/ (a;) < g(0) = p and f'(x) > 0. Hence f(x) is strictly increasing and 
f(x) > /(0) = which implies the inequality (I3.23P . 

The second inequality in (I3.23P is clear since coSp(x) < 1. □ 

3.24. Theorem. For all x > 0, 

(3.25) sinhp(x) < coshp(x) +P 

x 1+p 

and 

(3.26) ^^< COShp( " ) + 2 , i/ pG [2 f oo). 

0C o 
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Proof. Let f(x) = a;cosh p (x) + px — (1 + p) sinh p (a;). By differentiation, we have 

f'(x) = cosh p (x)(x tanh p (x) p_1 — p) + p 

and 

f"(x) = cosh p (:r) tanh p (a;) p ~ 2 ((p — l)(x — tanh p (x)) + (2 — p)x tanh p (x) p ) > 0, 

which implies f'(x) > 0. Hence f(x) is strictly increasing, and f(x) > /(0) = 
which implies the inequality (13.251) . 

For the inequality (13.261) . let h(x) = a; cosh p (x) + 2x — 3sinh p (a;). By differentia- 
tion, we get 

h'(x) = coshp(s) (xtanh p (x) p_1 - 2) + 2 

and 

h"(x) = cosh p (a;) tanh p (x) p_2 (xtanh p (x) p — tanh p (a;) + (p — i)x(l — tanh p (o;) p )) 
> cosh p (a;) tanh p (x) p_2 (xtanh p (a;) p — tanh p (a;) + x(l — tanh p (a;) p )) 
= cosh p (x) tanh p (x) p_2 (x — tanh p (x)) > 0, 

which implies h'(x) > h'(0) = 0, and hence h(x) is strictly increasing and h(x) > 
h(0) = 0. This implies the inequality (I3.26p . □ 

3.27. Theorem. For p E [2, oo) and x E (0,7r p /2) 7 

(3.28) Sinhp(x) < * 

x 2 + cos p (x) 

Proof. Let 

f(x) = 3x — 2 sinh p (x) — sinh p (x) cos p (x). 
Simple computations give 

f'(x) = 3 — 2 cosh p (x) — cosh p (x) cos p (x) + sinh p (a;) sin p (x) p_1 cos p (x) 2_p 
> 3 — 2 cosh p (x) — cosh p (x) cos p (a;) + sinh p (a;) sin p (a;) p_1 

= g{x) 



and 



g\x) = — 2 cosh p (x) tanh p (x) p_1 — sinh p (x) cos p (a;) tanh p (x) p ~ 2 
+ cosh p (x) sin p (x) p_1 cos p (x) 2 ~ p + cosh p (x) sia p (x) p ~ 1 
+(p — 1) sinh p (x) cos p (a;) sin p (a;) p_2 

> 2 cosh p (a;)(sin p (a;) p_1 — tanh p (x) p_1 ) 

+ sinh p (x) cos p (x)(sin p (x) p_2 — tanh p (x) p ~ 2 ) 

> 0, 

where the last inequality follows from sin p (x) > tanh p (x). Now it is easy to see that 
f(x) > /(0) = which implies the inequality (I3.28p . □ 
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3.29. Conjecture. For p G (2, oo) and x G (0,n p /2), 
(3.30) Sinhp{x) < P + 1 



x p + COS p (x) 

3.31. Theorem. For p G [2, oo) ondi G (0,7r p /2], 

sin p (a;) p — 1 + cos p (:r) 1 + cos p (x) 
x p ~~ 2 

Proof. The second inequality is clear. For the first inequality, put f(x) = psm p (x) — 
xcos p (x) — (p — l)x. After some elementary computations, we get 

f'(x) — (p — 1) cos p (a;) + xcos p (x) tan p (a;) p_1 — (p — 1), 

and 

f"{x) = cos p (x) tan p (x)' p ' 2 g(x), 

where g(x) = {p — 2):r tan p (x) p — {p — 2) tan p (x) + (p — l)x. We have to prove g(x) > 
which follows from 

g'(x) = p{p - 2)xtan p (a;) p " 1 (l + tan p (:r) p ) + 1 > 0. 

□ 

3.32. Lemma. For p > 1, 

(1) The functions fi(x) = sm p (x)/x is strictly decreasing from (0, vr p /2) onto (2/7r p , 1). 
In particular, for x G (0, 1), 

( 3 33 ) x < sin p (x) < 2a;/7r p 



arcsin p (:r) x arcsin p (2x/7r p ) 

(2) The function /^(a?) = tan p (x)/x is strictly increasing from (0,7r p /2) onto (l,oo). 
In particular, for x G (0, k), 

x teaiJx) ax 
(3.34) — < ^ < 



arctan p (x) x arctan p (ax) ' 

where < k < 7r p /2 and a = tan p (k)/k. 

(3) The function fz{x) = sinh p (:r)/:r is strictly increasing from (0, oo) onto (1, oo) 
In particular, for x G (0, k), 

(3.35) ^- — — — < Sinhp( " } < bx 



arcsinh p (;r) x arcsinh p (6x) ' 

where k > and b = smh p (k)/k. 

(4) The function f±(x) = tanh p (x)/a; is strictly decreasing from (0, oo) onto (0, 1). 
In particular, for x G (0, k), 

(3.36) ^— — — < tanhp(x) < CX 



arctanh p (x) x arctanh p (cx) ' 

where k > and c = tanh p (/c)/A;. 
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Proof. Since the proofs of part (1) to part (4) are similar to each other, we only 
prove the part (2) here. Since t&n' p (x) = 1 + tan p (x) p is strictly increasing, the 
monotone form of l'Hopital's Rule gives that the function f 2 is strictly increasing. 
Hence we have 

tan p (x) tan p (/c) 
1 < < : = a, 

x K 

and this is equivalent to 

arctan p (:r) < x < arctan p (ax). 

By the monotonicity of f 2 , 

x tan p (arctan p (:r)) t&n p (x) tan p (arctan p (a:r)) ax 



arctan p (x) arctan p (x) x arctan p (ax) arctan p (a:r) 

□ 

3.37. Theorem. Let p > 1 and x > 0. Then 

(1) f\{t) = cos p (x/tf is strictly increasing and logarithmic concave in (2x/tt p , oo); 

(2) f 2 (t) = sin p (x/t) is strictly decreasing and logarithmic concave in (2x/ir P) oo); 

(3) fs(t) = smh p (x/t) t is strictly decreasing and logarithmic concave in (0, oo); 

(4) fiit) = cosh p (x/t) 1 is strictly decreasing and logarithmic convex in (0, oo). 

Proof. For part (1), simple computations give 

d cc 
^log/iO) = logcos p (s) + stan p (s) p " 1 = g^s), s = -, 

and 

g [(s) = (p- l)stan p (s)^ 2 (l + tan p (s) p ) > 0, 

which implies that fi is logarithmic concave. For the monotonicity of f\, we write 
h(s) = h 1 (s)/h 2 (s), hi(s) = — logcos p (s) and h 2 (s) = stan p (s) p_1 with hi(0) = 
h 2 (0) = 0, and 

K(s) = 1 , = s(l + tan p (g) p ) = Zi(s) 

h' 2 (s) l + (p-l)l(sY [S) tan p (s) l 2 (s)' 

By differentiation, we have 

||4 = l+^tan p ( S r 1 

which is strictly increasing. Hence h(s) is strictly decreasing by the l'Hopital 
Monotone Rule, and h(s) < h(0) — 1/p which is equivalent to stan p (s) p_1 > 
— plogcos p (s). Now it is easy to see that gi(s) > (1 — p) logcos p (s) > which 
implies that f\ is strictly increasing. 

For part (2), it is easy to see that — tlog(l/ sm p (x/t)) is strictly decreasing in t. 
Simple computations give 

d i • / / \ fi 1 s \ x 

—t log Sin p (x/t) = - log . . r + pr , S = -, 

at \ sm p (s) tan p (s) / t 
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which is strictly increasing in s and hence strictly decreasing in t. 
For part (3), by differentiations we have 



and 



|log/ 3 (t) = logsinh p (.) - = g 3 (s), s = * 

g(l -tanh p (g) p ) 
= tanh p(g)2 > °' 



which implies that g 3 (s) is strictly increasing in s and hence decreasing in t. It 
follows that log fs(t) is concave. Since ga(s) < #3(00) = 0, / 3 is strictly decreasing. 
For part (4), by differentiations we have 

d x 
— log/ 4 (t) = logcoshpO) - stanh p (s) p ~ 1 = g 4 (s), s = ~, 

and 

g ' 4 (s) = _(p - l)stanh p (s) p " 2 (l - tanh p (s) p ) < 0, 

which implies that g(s) is strictly decreasing in s and hence increasing in t. It follows 
that log/4(t) is convex. Since g±{s) < (74(0) = 0, / 4 is strictly decreasing. □ 

3.38. Open problem. Recently, S. Takeuchi [FT] has introduced functions depending 
on two parameters p and q that reduce to the functions studied in the present 
paper when p = q. In [BVlJ the authors have continued the study of this family of 
generalized functions, and have suggested that many properties of classical functions 
also have a counterpart in this more general setting. It would be natural to generalize 
the properties of classical trigonometric and hyperbolic functions cited in the survey 
|AVZ| to the (p, g)-functions of Takeuchi. 
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